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ABSTRACT
A compensation scheme to increase the stability of a
digital autopilot of a launch vehicle is examined. The
scheme consists of inserting a digital filter and sampler
into the autopilot, that operate in synchronism with
existing samplers but at a higher sampling frequency. A
comparison of the frequency response and transient response
of the uncompensated and compensated autopilots is presented.
Also, the effect of random errors in measured vehicle atti-
tude on autopilot performance is evaluated for the two
autopilots.
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CHAPTER 1
INTRODUCTION
The design of digital autopilots (DAP) for thrust-
vector control (TVC) of manned and unmanned aerospace
vehicles is well documented . A TVC DAP is typically a
"single rate" system, i.e., all digital filters in the auto-
pilot operate at a common sampling frequency. In this
thesis, an investigation will be made to determine if the
stability and performance of a single rate TVC DAP can be
increased by inserting an additional digital filter in the
autopilot, that operates in synchronism with the existing
filters but at a higher sampling frequency. This additional
filter will be referred to as a multirate filter, and the
digital autopilot which contains this filter will be referred
to as a multirate DAP.
In Chapter 2, the single rate DAP for a launch vehicle
is presented. The stability and control characteristics of
the autopilot are evaluated via frequency response and
transient response analyses. DAP response to random errors
in measured vehicle attitude (assumed to be produced by
inaccuracies in the inertial measurement unit (IMU)) is also
determined.
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The techniques required to analyze multirate filters
and multirate systems are described in Chapter 3. "Zn -
transforms" are discussed and employed in a general tech-
nique for determining the response of a multirate filter.
Following the discussion of multirate filters, the switch
decomposition method is discussed. This method, developed
by Kranc 3, may be used to reduce the mathematical representa-
tion of a multirate system to an equivalent single rate
representation.
In Chapter 4, a multirate DAP for the launch vehicle
considered in Chapter 2, is presented. This autopilot is the
same as the single rate DAP, except for the inclusion of a
multirate filter. Since conventional techniques cannot be
employed in the design of multirate filters, an alternate
approach is developed. This approach is illustrated, and
utilized in selecting a multirate filter for the multirate
DAP. The performance of the multirate DAP is evaluated by
comparing the frequency response, transient response and
noise response (i.e., the response to random attitude errors)
of the DAP, with the results obtained for the single rate DAP.
Conclusions based on the results of the comparison
of multirate and single rate autopilot performance, are
presented in Chapter 5.
16
CHAPTER 2
THE SINGLE RATE DIGITAL AUTOPILOT (DAP)
2.1 Dynamical Model of the Single Rate
DAP
The configuration of the single rate digital autopilot
(DAP), shown in Figure 2.1-1, is representative of a pitch or
yaw autopilot channel of a thrust vector controlled (TVC)
vehicle 1'2 (the definitions of the symbols used in Figure
2.1-1 are listed in Figure 2.1-2). The model assumes an
unstable rigid vehicle, one sensor (the inertial measuring unit)
which provides attitude information, a digital compensation
filter, and a zero order hold with a continuous engine servo.
The single rate DAP is an example of an error-sampled
digital control system. An attitude error, 0E' is produced
when the measured vehicle attitude, 6M, deviates from the
commanded attitude, ec- In response to 6E, an engine servo
gimbal angle command, c , is computed every T seconds and
inputted to the zero order hold. Responding to 6 , the engine
c
servo deflects the engine nozzle through an angle 6 E' so that
the engine thrust produces a torque which results in the
rotation of the vehicle toward the desired attitude, 8c. The
control loop is closed by feeding back 6M for the computation
of eE.
Digital
Compensation
T
Filter
T = DAP sample period = 60 msec
Inertial
Measuring
Unit
Figure 2.1-1 Configuration of the Single Rate TVC DAP
ec+, 6 e
H
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= Actual vehicle attitude angle
= Commanded vehicle attitude angle
= Measured vehicle attitude angle
= Vehicle attitude error
= Engine gimbal angle command
= Output of zero order hold
= Engine gimbal angle
Figure 2.1-2 Definitions of Symbols
Used in Figure 2.1-1
e
c
M
6cS
6'
c
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The vehicle dynamics are assumed constant and are
representative of a time point in the atmospheric boost tra-
jectory of a launch vehicle4 '5 . The transfer function
relationship between the vehicle attitude 0, and the engine
gimbal angle, 6 E, expressed in Laplace transforms, is
6(s) - 12.41 (s + 0.1361) (2.1)
6E(s) (s - 0.003485) (s - 3.097) (s + 3.200)
Notice that the vehicle is inherently unstable. The instabil-
ity results from the vehicle center of gravity being aft of
the aerodynamic center of pressure.
The direction of the thrust produced by the axial
engine is controlled by the engine servo. The dynamics of
the engine servo are represented by the following transfer
function
6 (s)_________(2 )E ( 2 2500 (2.2)
6'(s) s + 50s + 2500
c
where 6' is the gimbal angle command obtained from the zero
order hold.
The digital compensation filter stabilizes the unstable
vehicle and achieves the desired stability characteristics.
The filter computations are performed every 0.060 seconds
(= 60 msec). The design of the digital filter was
20
accomplished via frequency response analysis in the w-plane .
The filter selected was a lead-lag compensator. The lead
filter introduces phase lead which stabilizes the autopilot.
The lag filter provides proportional plus integral control.
This assures that vehicle attitude errors resulting from step
attitude commands are nulled in the steady state (i.e., at
sampling instants). The transfer function of the digital fil-
ter expressed in z-transforms based on a sampling period of
60 msec, is
Sc(z) = 14.48 (z - 0.8507) (z - 0.9802) (2.3)
aE(z) (z - 1.0) (z + 0.1784)
The inertial measuring unit, which provides vehicle
attitude information, is assumed perfect, i.e., the transfer
function relating eM and 0 is a gain of unity.
Inserting the transfer functions given in Eq. (2.1)
through (2.3) (and also including the transfer function of the
zero order hold) into the single rate DAP configuration
(given in Figure 2.1-1) yields the discrete-continuous single
rate DAP model shown in Figure 2.1-3. The frequency response
and transient response characteristics which will be presented
in Sections 2.2 and 2.3 are based on this fundamental model.
It is assumed that the reader is familiar with z-transform
theory.
j- (z-0.8507) (z-0.9802)
c (z-1.0)(z+0.1784) T
compensation filter ZOH servo vehicle
14.43
12.41
60 msec
Figure 2.1-3 Discrete-Continuous Representation
of the Single Rate DAP
6
C 6
k
cz
kV
T
tH
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2.2 Frequency Response Characteristics of the
Single Rate DAP
Equivalent representations of the single rate DAP
(given in Figure 2.1-3), expressed in z and w transforms are
shown in Figures 2.2-1 and 2.2-2 respectively . The symbols
D(w) and G(w) are used to denote the w-domain transfer
functions of the compensation filter and the continuous portion
of the DAP. The open loop frequency characteristics of the
DAP are obtained by calculating the phase angle and magnitude
of the complex function
GOL(ju) - D(w) G(w)|j u (2.4)
w=3u
where u denotes the frequency variable in the w-plane and
assumes values in the range 0 < u < o. The relationship
between the real radian frequency, w, and u can be derived
from the bilinear transformation
z + w (2.5)
- w
Solving Eq. (2.5) for w, replacing w by ju and z by ejwT
(where T is the sample period of the system) yields
*
The z-transform model of the DAP was required to obtain the
w-transform model. Therefore, for the sake of completeness,
it is also presented.
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Oc + 0 E k (z-0.8507) (z-0.9802) c (z+0,09018) (z+4.235) (z-0.9919) (z+0.3854)
cz (z-1.0) (z+0.1784) vz (z-1.001) (z-l.204) (z-0.8253) (z+0.1910±0.1154)
D(z) G(z)
e
L&.
k = 14.48
cz
k = 0.008124
vz
Sample period =60 msec
Figure 2.2-1 Z-Transform Representation of the Single Rate DAP
k
cw
tNj
= 0.01816
kvw = 48.94
Sample period = 60 msec
Figure 2.2-2 W-Transform Representation of the Single Rate DAP
25
= e - 1 = 1 - ejWT (2.6)
ejWT + 1 1 + e
Applying the exponential definition of the hyperbolic tangent
function to Eq. (2.6) and using the relation
tanh jz = j tan z (2.7)
(where in general z may be complex), we obtain the relation-
ship between u and w
u tan (2.8)
The phase and gain characteristics of G (ju) plotted
versus u are shown in Figure 2.2-3. A phase angle of -1800
occurs at two frequency points. The gain at the lower
frequency at which this occurs will be referred to as the low
frequency gain margin (LFGM) and at the higher frequency, the
high frequency gain margin (HFGM). From Figure 2.2-3, it
is seen that the LFGM and the HFGM of the single rate DAP
have equal values of 7.0 db (the DAP open loop gain was set
intentionally at a value which would achieve these equivalent
gain margins). The crossover frequency (i.e., the frequency
at which the open loop gain is unity) in real radian fre-
quency, o, is 7.6 rad/sec (this value is obtained by using
Eq. (2.8) with u equal to 0.233). The phase margin of the
W-Plane Frequency, u -
0.001 0.01 0.1 1.0 10.0 100.0
20 
I IF II 1111 II 11111 R 11111'1 41 'I'lliI't
20 1.4 ' If 
ITN I1 111 fF11 It I: fl FfF -1 (DI IIF {F
I ~ Iji i f t 1 bIiiri~ IliI
401 lIT liii Oil FR 11
ll ; II~ JI J18 0ji F ,i I ll !~
;IIFF I FF I
fl IfJ I
ItF111 i lii, 1 F' F1IF 4I -1~ F 010 Tt Illl
-310~
Figure 2.2-3 Phase and Gain vs. Frequency Characteristics of the Single Rate DAP
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system is 36.9 deg. In Figure 2.2-4, a gain versus phase
plot of the open loop characteristics is shown. Superimposed
on the plot are M circles7 , which, along with the open loop
gain versus phase plot, indicate the values of gain (in db)
that the closed-loop system frequency response will exhibit.
The frequency of a point on the gain versus phase plot may be
determined by using the plots of phase and gain versus
frequency shown in Figure 2.2-3. Therefore, from Figures
2.2-3 and 2.2-4 it is found that the peak value of closed
loop gain for the single rate DAP is 5.2 db occurring at a
frequency of 1.6 rad/sec. The system bandwidth is determined
from the figures to be 21.0 rad/sec (where the bandwidth is
defined to be the frequency at which the closed-loop system
gain is -3.0 db).
2.3 Step Response Characteristics of the Single Rate DAP
A digital computer program was written to simulate
the response of the single rate DAP to step attitude angle
commands. Time histories of the vehicle attitude angle,
engine gimbal angle command and engine gimbal angle were
obtained. These time histories will be used as a basis for
comparison when the performance of the multirate DAP is
evaluated in Chapter 4.
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Figure 2.2-4 Gain vs. Phase Characteristics of the Single Rate DAP
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The DAP dynamics modelled in the program are those
presented in Section 2.1, Figure 2.1-3. The vehicle geometry
is depicted in Figure 2.3-1. The X, Y and Z orthogonal vectors
represent the vehicle coordinate axes. The Y axis is defined
as the positive pitch axis. The engine gimbal angle, 6E' is
defined to be positive if the resultant direction of the
engine thrust produces a positive pitch acceleration.
The time histories of the vehicle pitch angle, engine
gimbal angle command and engine gimbal angle, in response to
a 1 deg step attitude command are shown in Figures 2.3-2
through 2.3-4. In considering the vehicle pitch angle
response, the maximum percentage overshoot and the time at
which the commanded.value of pitch angle is attained are of
interest. These characteristics are indicators of system
performance and speed of response. For the single rate DAP,
the pitch angle shown in Figure 2.3-2, exhibits an overshoot
of 71% and attains 1 deg of attitude at 0.15 sec.
The engine gimbal angle command, which is the input to
the engine servo, is shown in Figure 2.3-3. Comparing this
figure with the engine gimbal angle response in Figure 2.3-4,
the underdamped nature of the servo is evidenced. For
example, at approximately 0.2 sec a slight change in the
engine gimbal angle command occurs, which results in a
XY 6
Local
Horizontal
Z
Figure 2.3-1 Vehicle Pitch Plane Geometry
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1.5
0.0 1.0 2.0 3.0 4.0
Time (sec)
Figure 2.3-2 Single Rate DAP: Vehicle Pitch Angle Response
to a 1 deg Step Attitude Command
7'
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0
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Figure 2.3-3 Single Rate DAP: Engine Gimbal Angle Command
Response to a 1 deg Step Attitude Command
0
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W.-
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0 2.. 3.00
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Figure 2.3-4 Single Rate DAP: Engine Gimbal Angle
Response to a 1 deg Step Attitude Command
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noticeable engine angle deflection. The response of the
engine servo is of importance, since physical constraints
exist on the gimbal angle and gimbal rate. The maximum
positive and negative excursions of the engine gimbal angle
will be of interest when a comparison is made of multirate
and single rate DAP performance. The maximum excursions
shown in Figure 2.3-4 are 16.3 deg and -7.1 deg. Ripple, a
high frequency oscillation which may be introduced in the
output of a control system by discrete filtering, is non-
existent in the engine gimbal angle response.
2.4 Response of the Single Rate DAP to Inertial
Measurement Unit (IMU) Noise
The results of an evaluation of the response of the
single rate DAP to random errors in the measured vehicle
attitude angle is presented in this section. The random
errors are assumed to be introduced by the inertial measure-
ment unit (IMU), and thus will be referred to as IMU noise.
For the purpose of this study, the IMU noise is assumed to
2be white with an autocorrelation function of 0.0001 6(t) deg
The computer simulation of the single rate DAP
(described in Section 2.3) was modified to include the
effects of IMU noise. The random error in the measured
35
vehicle attitude was simulated by adding a random sample,
obtained from a random number generator, to the actual vehicle
attitude. The standard deviation of each sample generated
was 0.01 deg. A block diagram representation of the single
rate DAP, showing the introduction of the IMU noise, n(t),
is given in Figure A.3-l.
The time histories of the vehicle attitude angle,
attitude rate, engine gimbal angle and engine gimbal rate in
response to the IMU noise (the attitude command, 0 c, is zero)
is shown in Figures 2.4-1 through 2.4-4. A plot of the
statistical samples obtained from the random number generator
every DAP sample period (i.e., every 60 msec) is shown in
Figure 2.4-5. These plots (i.e., Figures 2.4-1 through
2.4-5) were obtained only after running the computer simula-
tion for a sufficient period of time to assure that all
statistical transients had died out. Thus, the time histor-
ies are representative of the "steady state" statistical
characteristics of the DAP variables.
In Figures 2.4-1 and 2.4-2, the effect of the IMU
noise on the vehicle attitude angle and attitude rate is
seen to be negligible. The maximum excursions of the engine
gimbal angle, shown in Figure 2.4-3, are also small. How-
ever, the engine gimbal angle rates shown in Figure 2.4-4
36
I I I I
Time (sec)
i i  1
I I I
Figure 2.4-1 Single Rate DAP: Vehicle Pitch Angle Response
to IMU Noise (a noise 7 0.01 deg)
I
0to
4J
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v
Figure 2.4-2 Single Rate DAP: Vehicle Pitch Rate Response
to IMU Noise (anoise = 0.01 deg)
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0
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- -. 3
,0
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Figure 2.4-3 Single Rate DAP: Engine Gimbal Angle Response
to IMU Noise (anoise = 0.01 deg)
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Figure 2.4-5 Sampled IMU Noise: a i = 0.01 deg
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are not negligible. Over the 5 sec interval the gimbal rates
are frequently in excess of 10 deg/sec. To obtain a measure
of the effect of IMU noise on the gimbal rate, a statistical
analysis was performed, in which the standard deviation of
the engine gimbal rate was determined . (Details of the
analysis, in addition to a discussion of the techniques that
may be employed to calculate the standard deviation of the
engine gimbal rate, are presented in Appendix A.) In
general, the statistical response of a linear time-invariant
continuous system to sampled noise, obtained by sampling a
stationary random process every T seconds, is a periodic
function of time, with a period of T seconds . As a result
the standard deviation of the engine gimbal rate, a;E(t),
is a periodic function of time. A plot of a- (t), over a6E
period of 60 msec, is shown in Figure 2.4-6. (The method
which was used to obtain a- (t) is illustrated in Section
6E
A.3.) Notice that a4E(t) is greater than 10 deg/sec over
approximately 25% of the sample period and greater than
6 deg/sec over 68% of the sample period.
In Section 4.5, the a- (t) plot (given in Figure 2.4-6)
and the engine gimbal rate time history (given in Figure 2.4-4)
*
See Section A.2.
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will be compared with the noise results obtained for the
multirate DAP, to evaluate the effect of multirate filtering
on DAP response to IMU noise.
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CHAPTER 3
MULTIRATE SYSTEM ANALYSIS
3.1 Mathematical Description of the Multirate Filter
The general configuration of the multirate filter is
shown in Figure 3.1-1. In response to an input every T
seconds (denoted by r(kT) in the figure), the multirate
filter outputs a sample every T/n seconds (where n is an
integer). For purposes of simulating the multirate filter
and analyzing its response, it is convenient to introduce
a transformation which will produce an expression for the
input and output of the filter in terms of a common variable.
The transformation which accomplishes this is the
"z -transform" . The z -transform of the time sequence
n n
c(mT/n) (where m=0,l ... ) is defined as
oo
C(z ) E X c(mT/n)z-m  (3.1)
n m=O n
where
z esT/n (3.2)
n
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Multirate
r (kT)
Digital
Filter
c (mT/n)
Figure 3.1-1 General Configuration of the
Multirate Filter
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The zn-transform is analogous to the z-transform. Given
c(mT/n), C(z n) is obtained from z-transform tables replacing
T by T/n and z by z . The relationship between the z-
transform variable follows from Eq. 3.2 and the definition
of z which is
sT
z - e (3.3)
The relationship then, between the variables is
z = zn (3.4)
n
The input-output relationship for the multirate filter
shown in Figure 3.1-1 has been derived by Ragazinni and
8
Franklin . This derivation is of fundamental importance in
understanding the operation of the multirate filter and thus
is presented below.
Using the convolution summation developed for single
rate systems9 , the output of the multirate filter, c(mT/n),
in response to the input, r(kT), is given by the expression
00
c(mT/n) = { r(kT)f(mT/n - kT) (3.5)
k=0
where f(mT/n - kT) is the response of the multirate filter
at mT/n seconds to a unit impulse occurring at t = kT seconds.
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Substituting Eq. 3.5 into Eq. 3.1 yields
00 00
C(z ) = X X r(kT)f(mT/n - kT)z-m (3.6)
n m=O k=O n
Interchanging the order of summation and making the substi-
tution m-nk = j in Eq. 3.6, we obtain
00 00
C(zn) = 1 r(kT) f(jT/n)z(j+nk) (3.7)
k=O j=0
(Strictly, the index j should range from -nk to o. However,
the impulse response is zero for negative values of the
argument and thus only the values of j ranging from 0 to
are considered.) Rearranging Eq. 3.7 we obtain the input-
output relationship for the multirate filter
Cz =( r(kT) (zn=-k f(jT/n)zn3 = R(zn)F(z) (3.8)
n n n n n
A block diagram representation of Eq. 3.8 is shown in
Figure 3.1-2. In general, F(z ) is of the form
r 
-k
I ak Z-
F(z ) = (3.9)
n ~ bkz-k
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R(zn)
n
Figure 3.1-2
F(z )n
C(zn)n
Zn -domain Representation of
the Multirate Filter
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For the multirate filter to be physically realizable, the
output of the filter must not depend on future inputs. The
realizability condition can be simply stated if F(z ) is
rewritten in the form
k
ck 
z
F(zn k= (3.10)n fk
Y d k z n
kk
The multirate filter is realizable if g < f in Eq. 3.10.
To illustrate the operation of a multirate filter
consider the following second order transfer function
-1 -2C(z3 0 + a z3 + a2z3
F(z 3) 3 b1 b (3.11)
R-z+)b 1  -l~ 2 -2)
3  b0 (l + - z 3 + b- z30 0
A block diagram representation of Eq. 3.11 is shown in
Figure 3.1-3. Also shown are the first two values of a
typical input signal, r(kT), and the resultant components of
the output signal, c(mT/3). Also, it is assumed that all
previous values stored in the filter are zero at t=0. Adding
the pulse trains shown in Figure 3.1-3, the magnitudes of the
output pulses of the filter over the time interval 0<t<T are
a a
b r(O) b r(T)
o o
a 0 -- - - t
b
0
c (mT/3)
c (T)
r (kT) C( )
r (T) a 1 . (T/3)
r (0) r (0) c (2T/3)
{a( j- tt_ 
_
a 0 yt +0 T/3 2/3 T t
0 T b 3
- c(T/
Figure 3.1-3 Illustration of the Operation of a Multirate Filter
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a
= 0 r(0)
b r(0) - c(0)
o 0
=- - 2) r (O)
o b9
0
c (2T/3) =
a2  b1
r(0) - b c(T/3)
0 O
a b a  b 2 a
- 2 + 3
0 b0 b3
b a
_ 220) r(0)
b2
a b b2
= r (T) - c (2T/3) - c (T/3)
2 3
a b2a b3a
b - r(T) - 2 ~ 3 +
b b b0 b9
1 2 + 2 1 3_1_0 r(0)
b 3 b b 
]
3 o 0
(3.14)
(3.15)
Although the procedure used to obtain Eq. 3.12 through
3.15 is enlightening from a physical standpoint, it is not
very convenient. The convolution summation given by Eq. 3.5
c(0)
c (T/3)
(3.12)
(3.13)
b c (0)
0
c (T)
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could be used to obtain the output sequence, but, in general,
the most expedient way to obtain c(mT/n) is through the
utilization of Eq. 3.8, the input-output relationship of the
multirate filter. For example, suppose that it is desired to
calculate c(mT/3) over the interval O<t<T for the first two
values of the input signal, r(kT), shown in Figure 3.1-3.
The first step in obtaining c(mT/3) is to determine the
3transform, R(z3 ), of the input signal r(kT). Since only the
input pulses at t=O and t=T are being considered for this
example, the transform of the input is represented by the
3 -1
sum of r(O) and r(T) . (z3 ) . The latter term is the pulse
r(T) delayed by one time interval, T. Therefore,
R(z) = r() + r(T)(z 3 ) 1 = r(O) + r(T)z (3.16)3 3 3
Substituting R(z ) (given in Eq. 3.16) and the transferR 3)
function F(z 3) (given in Eq. 3.11) into Eq. 3.8, the follow-
ing expression is obtained for the transform of the filter
output,
(r(O)z3+r(T))(a 0 z +a 1 (+a2C(z 3) 3 (3.17)
z3(boz3+b z3+b2
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The time sequence, c(mT/3) is derived from C(z 3 ) by using a
procedure analogous to the power series expansion method
developed to obtain inverse z-transforms 10. This method is
based on the following relationships. A discrete time se-
quence, e(mT/3) (where m=0,l,2,...),, may be expressed as
e(mT/3) = e(0)6(t) + e(T/3)6(t-T/3) + e(2T/3)6c(t-2T/3)+... (3.18)
The zn transform of Eq. 3.18 is
E(z 3 ) e(O) + e(T/3)z ~ + e(2T/3)z +. . (3.19)33 3
A comparison of Eq. 3.18 and 3.19 reveals that in general,
the value of e(mT/3) at t=kT/3 is given by the coefficient
of z3 in the power series expansion of E(z 3 ). Therefore,33
from the power series expansion of C(z 3) (which can be
obtained by dividing the denominator polynomial into the
numerator polynomial of Eq. 3.17), the expression for
c(mT/3) is
c(mT/3) = r(0)6(0) + - - r(O)6(t-T/3)
0 o b
0
*The symbol 6(t-a) denotes the unit impulse function, i.e.,
6 (t-a) = lt=a
0. t3/a*
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2
a b a b a b2 a
+ (b 2 1+ -13 o 2)0 r(0) 6(t-2T/3)
0 b b0  b
2 3
aa 2  b a b a
+ 0( (T) ( 2 ~ 31 + 14
o b b b0 0 0
b ba ba bb a1 2 + 21 2 )r(0)
b b b0 0 0 (3.20)
The first four terms of c(mT/3) given in Eq. 3.20 are exactly
equivalent to the values given in Eq. 3.12 through 3.15.
The power series expansion technique, illustrated
above, may be used to obtain the response of the multirate
filter to any input signal. In Chapter 4, this method will
be employed to calculate the impulse response of the multi-
rate filters considered in the design of the multirate DAP.
3.2 The Reduction of an Open Loop Multirate System
to an Equivalent Single Rate System
The reduction of the mathematical model of a multirate
digital system to an equivalent single rate representation
enables the control system analyst to apply analysis
techniques developed for single rate systems to the multi-
rate system. This capability will be illustrated in Chapter
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4 where the stability of multirate DAP's are determined via
frequency response analyses performed on equivalent single
rate models. The method which will be used in this thesis
to accomplish the transformation of a multirate system to a
single rate system is the "switch decomposition method"
(SDM) developed by Kranc
Consider the system shown in Figure 3.2-1. A continuous
signal, r(t), is sampled at a period of T/n seconds, where n
is an integer. The output of the sampler is represented by
r(mT/n), where m=0,1,2,.... An equivalent mathematical
representation of the sampler obtained via the SDM is shown
in Figure 3.2-2. The sampler operating at T/n seconds is
replaced by an equivalent system of n samplers operating at
a period of T seconds with appropriately placed advance and
delay elements. The output sequence, r(mT/n), of the
equivalent system is the same as that shown in Figure 3.2-1.
The manner in which r(mT/n) is generated by the equivalent
system can be understood by studying the waveforms and pulse
trains shown in Figure 3.2-2.
The transformation of an open loop multirate system to
an equivalent single rate system through the application of
the SDM is illustrated in Figures 3.2-3 and 3.2-4 (It is
assumed that the dynamic elements in the open loop multirate
r (mT/n)
T/n
U,
t
(k+1) T
(kT+T/n)
(kT+2 T/n)
Figure 3.2-1 The Input and Output Signals of a Sampler,
Operating at a Period of T/n Seconds
/
kT
t
(k+l) T
.
r (t)
r (t)
P t
kT (k+1) T
a-
I t t i t
kT (kl1)T kT (ktI)T kT (k+1)T
T
t
- sT/n kT 
(k+1) T
T
t
2sT/n kT (k+1) T
-e
-Ar T
t t
kT (k+1) T , kT (k+1)Tt tkT (k+1)t
T
Figure 3.2-2 An Equivalent Mathematical Representa-
tion of the Sampler Shown in Figure 3.2-1
r (mT/n)
Ill., t
kT (k+1) T U,
rt) r(kT)
T
e(t) e(mT/n) c(t) c(kT)
F(s) G(s)
T/n T
Figure 3.2-3 An Open Loop Multirate System
U,
TsT/n
j T
r() / r (kT) W s t 2sT/n 1-
T P()eT
I e 1qsT/n
T
- e(n-1)sT/n_,
T
Figure 3.2-4 The Equivalent Single Rate Representation
of the Multirate System shown in Figure 3.2-3
/ c (kT)
T
U,
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system are represented by transfer functions expressed in
Laplace transforms, i.e., F(s) and G(s). However, if the
dynamic elements were discrete in nature and thus expressed
in z or z n-transforms , equivalent Laplace transform repre-
sentations could be found. This situation is illustrated in
the example presented later in this section). Since the
multirate system can be represented by an equivalent system
with all samplers operating at the same period, T, z-transform
techniques may be applied to the system. The z-transform
of the system output, c(kT), is given by the relationship
n /nF )ZeTp/n *
C(z) = zesTp/n F(s)]Z[e-s G(s)] (3.21)
p=0
To avoid the introduction of noninteger powers of the
variable z in the expression for C(z), Z[esTp/n F(s)] and
Z[e-sTp/n G(s)] are evaluated using modified z-transforms11
In general, if H(s) is a proper rational polynomial in s
the following equivalences may be written,
Z[esTq H(s)] = zH(z,m) = zH(z,q) (3.22)
m=q
*The z -transformation is discussed in Section 3.1.
n
**
Where it is understood that Z[H(s)] denotes the z-trans-
formation of the sampled time function h (t).
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Z[e-sTq H(s)] = H(z,m) = H(z,l-q) (3.23)
m= 1-q
where 0<q<l and H(z,m) denotes the modified z-transform of
the time function h(t) with delay constant m (where 0<m<l).
The following numerical example illustrates the SDM and the
application of Eq. 3.22 and 3.23.
EXAMPLE. Consider the open loop multirate system shown
in Figure 3.2-5. The sampling period of the "slow" sampler
is 1 sec. The "fast" sampler operates at a period of 0.5 sec.
The discrete element, F(z 2 ), is a digital filter which outputs
samples every T/2 seconds in response to a discrete input
signal, r(kT), where k=0,l,2,.... The element G(s), is a
continuous element whose output is sampled every T seconds.
The discrete-continuous nature of this system is of particular
interest because it is common to many control systems. (The
multirate filter-zero order hold-servo-vehicle segment of
the multirate DAP to be considered in Chapter 4 has the
general configuration of the system shown in Figure 3.2-5.)
Before the SDM can be applied to the multirate system,
an "equivalent" Laplace transform representation, F(s), must
be found for F(z 2 ). F(s) must be equivalent in the sense that
the impulse response of F(s), denoted by f(t), (i.e., the
inverse Laplace transform of F(s)) has the same value as the
e(mT/2) e(nT/2)
E (z2 ) T/2 E (z2 )
F(z 2 )
_e -sT/2
2S
c(t) c(kT)
C (s) T C (z)
M~
G (s)
T = 1 sec
Figure 3.2-5 A Multirate System Composed of Discrete and
Continuous Elements
r (t)
R(s)
r (kT)
T R(z)
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impulse response of F(z 2 ) at times t=mT/2 where m=0,l,2....
The method which will be used to find F(s) requires the
F(z 2 )
expansion of into partial fractions so that the
z2
"inverse z2-transform" of each term multiplied by z2 is
easily found in a z-transform table. The partial fraction
expansion of F(z 2 ) is
z2
F(z 2) (z2+1) -2.0 + 3.0 (3.24)
z2 z 2 (z2-0.5) ~ 2 z2 0.5
Multiplying by z2 we obtain
(3.0)z2
F(z 2 ) = - 2.0 + z-0.5 (3.25)2~ z 2 -0.5
Using z-transform tables, the time sequence corresponding to
F(z 2) is found to be
f(mT/2) = - 2.06(mT/2) + 3.0(0.5)n (3.26)
The continuous time function, f(t), that has the same values
as f(mT/2) every T/2 seconds is
f(t) = - 2.06(t) + 3 .0 (0 .5 )t/T/2 (3.27)
The final step in determining F(s) is to take the Laplace
transform of f(t) which yields
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F (s) = -2.0 + 3.0 -2.0 s - 0.114 (3.28)
s - Zn (.5) s + 1.386
Replacing F(z 2 1 by F (s) in Figure 3,2-5, and applying the
SDM results in the single rate system shown in Figure 3.2-6,
Using z and modified z-transforms, and the relationships
given in Eq. 3.22 and 3.23, the z-transforms of F(s), G(s),
e sT/2 F(s) and e-sT/ 2 G(s) are found to be
F(z) = z + 0.5 (3.29)
z - 0.25
G(z) = 0.5 (3.30)
Zf[esT/ 2 F(s)] = 0.5z (3.31)
z - 0.25
Z[e-sT/ 2 G(s)] = z.5 (3.32)
Summing the products, F(z)G(z) and Z[esT/2 F(s)] .
Z[e-sT/ 2 G(s)], an expression is obtained for the relationship
between the input to the multirate system, r(kT), and the
output, c(kT), expressed only in terms of the variable z.
This relationship is
C(z) = 0.75 (z+0.3333) R(z) (3.33)
(z-0.25) (z-1)
r(t) r(k'
R(s) T R(z)
T = 1 sec
Figure 3.2-6 Equivalent Single Rate Representation of
the Multirate System shown in Figure 3.2-5
c(t) c (kT)
c (s) T C (z)
o)
U1
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All techniques available for the analysis of single rate
digital systems may now be applied to the multirate system.
The multirate system reduction procedure followed in
the example is of general applicability, and will be
employed in Chapter 4 to obtain an equivalent single rate
representation of the multirate DAP.
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CHAPTER 4
THE MULTIRATE DIGITAL AUTOPILOT (DAP)
4.1 Introduction
The single rate DAP introduced in Chapter 2 was found
to exhibit stability characteristics that are adequate for
the control of the rigid body launch vehicle. However, the
stability margins of the DAP may significantly decrease when
additional filtering is included to compensate for the effects
of vehicle body bending. Thus, it may be desirable to
increase the stability margins of the "rigid body" DAP in
anticipation of the destabilizing effects of body bending.
One manner through which an increase in stability may
be realized is to decrease the autopilot sample period and
thereby decrease the inherent delay in the system. But
this may not be feasible because the required increase in
autopilot computations may not allow sufficient computational
time for missile guidance and navigation functions. Another
method would be include an additional lead network in cascade
with the existing compensation. However, in addition to
introducing phase lead, the lead-lag network also increases
the system gain, which would result in an amplification of
any noise that may be present in the system (e.g., IMU noise).
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A third compensation technique, which is proposed in an
attempt to increase system stability without significantly
increasing the DAP computational time or amplifying noise,
is illustrated in Figure 4.1-1. In this method, the zero
order hold (ZOH) of the single rate DAP, that operates at
60 msec, is replaced by multirate filter and a ZOH that
operates at 20 msec. The resultant DAP configuration, shown
in Figure 4.1-2, will be referred to as the multirate DAP.
An approximate indication of the effect on system
stability resulting from the replacement of the 60 msec ZOH
by the 20 msec ZOH, may be evidenced by comparing the
frequency response characteristics of the ZOH's. The phase
and gain contribution of the two ZOH's for values of
frequency in the range 0 < w < 52.34 rad/sec (52.34 rad/sec
is the half sampling frequency corresponding to a sample
period of 60 msec) are given in Table 4.1-1. From the table,
it is seen that the 20 msec ZOH produces one-third the phase
lag of that of the 60 msec ZOH at all frequencies and also
produces less attenuation as the frequency increases. There-
fore, if the multirate filter can be chosen so as not to
detract from the phase lag gained by incorporating the
20 msec ZOH, a net increase in system stability over that of
the single rate DAP may be obtained.
6c (kT)
T
6 (kT)
T
T = 60 msec
Figure 4.1-1 The Replacement of a "Slow" Zero Order Hold by a
Multirate Filter and a "Fast" Zero Order Hold
6'(t)C
T = DAP Sample Period = 60 msec
Figure 4.1-2 Configuration of the Multirate TVC DAP
6
C 6
C)
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(rad
sec
0.0
1.0
10.0
20.0
30.0
40.0
50.0
54.34 -31.13
Phase of
20 msec ZOH
(deg)
0.0
-0.5729
-5.729
-11.46
-17.19
-22.92
-28.65
-90.00
Gain of
20 msec ZOH
Phase of
60 msec ZOH
(deg)
0.0
-1.719
-17.19
-34.38
-51.57
-68.76
-85.95
Gain of
60 msec ZOH
1.0
0.999
0.9851
0.9411
0.8704
0.7767
0.6650
0.6366
Table 4.1-1 Comparison of the Frequency Response
Characteristics of a 20 msec ZOH and a
60 msec ZOH
1.0
0.9999
0.9983
0.9935
0.9851
0.9736
0.9589
0.9549
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The criteria for selecting a multirate filter are
presented in Section 4.2. To evaluate the performance of
the multirate DAP, the frequency response characteristics,
transient response characteristics and the response of
the DAP to IMU noise, are compared to that of the single
rate DAP in Sections 4.3, 4.4 and 4.5, respectively.
4.2 Selection of the Multirate Filter
In this section, the multirate filter which will be
incorporated in the multirate DAP will be presented. The
criteria upon which the selection of the multirate filter
was based are: 1) The response of the filter should be
well behaved, i.e., adjacent output samples of the filter
should not differ significantly in magnitude; 2) The phase
lag contributed by the multirate filter and the 20 msec ZOH
at the DAP open loop crossover frequency must be less than
that introduced by the 60 msec ZOH of the single rate DAP.
A discussion of these criteria, and the techniques through
which these requirements are determined is presented below.
1. Response of the Multirate Filter. In addition to
increasing stability, the multirate DAP must also exhibit
acceptable transient response. In particular, the response
of the engine servo is of importance since physical limits
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exist on the engine gimbal angle and gimbal rate. In the
multirate DAP the command to the engine servo is obtained
from the 20 msec ZOH. The input to the ZOH is the output of
the multirate filter. As a result, the transient response
of the engine servo is directly dependent on the response of
the multirate filter. An example of a response that may be
obtained from a multirate filter and a 20 msec ZOH is shown
in Figure 4.2-1. In this example the input to the multirate
filter is specified as two impulses of equal magnitude.
Also shown in the figure is the response of a 60 msec ZOH
to the same input. The responses of the two ZOH's are
very different. The output of the 60 msec ZOH (which is the
input to the engine servo in the single rate DAP) is a
constant. The output of the 20 msec ZOH is a multi-level
function. The difference in the magnitudes of the steps
will produce fluctuations in the engine gimbal angle and as
a result produce undesirable engine gimbal rates. However,
the magnitudes of the steps in the output of the 20 msec
ZOH are equal to the magnitude of the output samples of the
multirate filter. Therefore, if adjacent output samples of
the multirate filter differ significantly in magnitude, un-
desirable engine rates will occur. This is the reason for
considering the response of the multirate filter in the
filter design process.
6 (kT)
kT (k+l) T
60 msec
ZOH
6' (t)
k (k+1) T t
6 (kT)
kT (k+1) T
c (mT/n)
Multirate
Filter
kT (k+l) T
20 msec
ZOH
6' (t)
kT (k+l) T
Figure 4.2-1 Comparison of the Time Responses of the 60 msec ZOH,
and the Multirate Filter and 20 msec ZOH
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The technique that was used to determine the response
of a multirate filter in the design process, is the power
series expansion technique, discussed in Section 3.1. To
obtain an indication of the effect that a multirate filter
would have on the servo response, this technique was
employed to determine the response of a multirate filter to
two impulses of equal magnitude. An example of this technique
may be shown by considering the following first order multi-
rate filter
(z3 + 1)
F(z 3 ) (z3 - .25) (4.1)
Using Eq. 3.17, the output of the multirate filter to an
input of two unit impulses expressed in z 3-transforms is
given by the relationship
3(z 3 + 1) (z3 + 1)
C(z3  3 (4.2)
z3 (z3 - .25)
Applying the power series technique to Eq. 4.2 the response
of the filter is found to be
c(mT/3) = 1.0 6 (0) + 1.25 6(t-T/3) + 0.3125 6(t-2T/3)
+ 0.9219 6(t-T) + 0.7695 6(t-4T/3)
+ 0.1924 6(t - 5T/3) + . . . (4.3)
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An illustration of the response of the filter is given in
Figure 4.2-2. Since the samples c(2T/3) and c(5T/3) differ
significantly from the adjacent samples this indicates that
significant engine gimbal rates would result if this filter
was implemented in the DAP.
The method illustrated above is one technique employed
in the selection of the multirate filter. The other technique
is presented below.
2. Computation of the Phase Lag Contributed by the
Multirate Filter and ZOH. The main objective of the multi-
rate DAP is to achieve an increase in stability over that
of the single rate DAP. It is desirable, therefore, that
the multirate filter and 20 msec ZOH contribute less phase
lag at the open loop DAP crossover frequency than that of
the 60 msec ZOH. Conventional techniques cannot be
"rapidly" employed to determine this phase contribution.
Therefore, for design purposes, a method was used which
allows the calculation of the approximate phase contribution
at the DAP crossover frequency. This method assumes that
phase contributed by the multirate filter and ZOH in the
multirate DAP is approximately equal to the phase that these
components would produce in a single rate DAP having a
f
T
c (5T/3)
Figure 4.2-2 The Time Response of a First
Order Multirate Filter
6c (kT)
1.0
c (mT/3)
0 Tt
1.0
0
11
/9
c (2T/3)
0- 0- lb
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sample period equal to that of the multirate filter (i.e.,
20 msec). An example of this method can be given, using
the first order multirate filter described in Eq. 4.1.
Employing the bilinear transformation (given by Eq. 2.5) the
w-transform of the first order multirate filter is given by
the expression
F(w3) = 1.6 (4.4)w3 w 3+ 0.6
The open loop crossover frequency of the single rate DAP
was found to be 7.6 rad/sec in Section 2.2. Using Eq. 2.8,
the corresponding frequency in the w3-domain is'found to be
u = tan (7.6) (.02) = 0.0761 (4.5)
The phase of the first order filter in the w3 -domain at
u=0.0761 is
$(u 3 ) = - tan- u = - 7.23 deg (4.6)
' u=0.0761
which is the approximate phase contribution of the multirate
filter at the open loop DAP crossover frequency of 7.6
rad/sec. The phase contribution of a 20 msec ZOH may be
found by using the relationship
oT
$zo WT (rad) (4.7)
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Substituting 0.02 for T and 7.6 rad/sec for w into Eq. 4.7
yields
$zoh(w) T=0.02 - 4.35 deg (4.8)
which is the approximate phase contribution of the 20 msec
ZOH at 7.6 rad/sec for the multirate DAP. Adding the phase
of the multirate filter and the ZOH given in Eq. 4.6 and
4.8 we obtain the total phase contribution of -11.58 deg.
Using Eq. 4.7, the phase contribution of the 60 msec ZOH
at w = 7.6 rad/sec is -13.1 deg. Subtracting the phase of
the 60 msec ZOH from the phase contributed by both the
20 msec ZOH and the multirate filter we obtain
$net = - 11.58 - (-13.1) = 1.52 deg (4.9)
Thus, using the first order multirate filter, the increase
in the phase of the multirate DAP over that of the single
rate DAP at the DAP crossover frequency is 1.52 deg. This
increase in phase is considered to be insignificant and
therefore it would not be desirable to use the first order
filter in the multirate DAP.
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The two techniques presented above were employed on
a number of first order and second order multirate filters
(filters of higher than second order were not considered
because significant increases in DAP computational time would
be requred). Unfortunately, it was found that the criteria
of achieving "smooth response" without producing a significant
amount of phase lag were conflicting requirements. Never-
theless, a few first order and second order multirate filters
were chosen, and performance evaluated via a digital computer
simulation. In the evaluation, no first order filters pro-
vided both satisfactory transient response and an increase
in stability. The second order filter which exhibited the
"best" transient response and frequency response character-
istics was
2
(z3 + 0.5z 3 + 0.4)
F(z 3) - 2 (4.10)
(z3  + 0.15)
This is the multirate filter which will be considered in
the evaluation of multirate DAP performance.
Application of the power series expansion technique
to determine the response of the filter to two unit impulses,
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results in the expression
c(mT/3) = 1.0 6(0) + 0.5 6(T/3) + 0.25 6(2T/3)
+ 0.925 6(T) + 0.4625 6(4T/3)
+ 0.261 6(5T/3) +... (4.11)
An illustration of the response is given in Figure 4.2-3.
Although the response is not as smooth as desired, this is
the best response that could be obtained without producing a
significant amount of phase lag. Using the technique given
above, the approximate phase difference between this multi-
rate filter and a 20 msec ZOH, and a 60 msec ZOH was found
to be 5.0 deg. The performance evaluation of the multirate
DAP, which incorporates the second order multirate filter, is
presented in the remaining sections of the chapter.
4.3 Frequency Response Characteristics of the
Multirate DAP
The replacement of the 60 msec ZOH in Figure 2.1-3
by the multirate filter and the 20 msec ZOH, results in
the discrete-continuous representation of the multirate
DAP given in Figure 4.3-1. To employ w-transform techniques
in determining the frequency response characteristics of the
DAP, it was first necessary to find an equivalent single
1.0
c (mT/3)c (kT)
C
1.0
0 T t
T r1
0 T
t t ..
t
Co
Figure 4.2-3 The Time Response of a Second
Order Multirate Filter
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k = 14.48
k = 1.772
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Figure 4.3-1 Discrete-Continuous Representation of the Multirate DAP
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rate representation of the DAP. This was accomplished via
the switch decomposition method (SDM). Following a procedure
completely analogous to that in the example given in
Section 3.2, the single rate representation of the multi-
rate DAP, shown in Figure 4.3-2, was obtained. Applying
the bilinear transformation (given in Eq. 2.5) to D(z) and
F(z) shown in Figure 4.3-2, results in the w-transform model
of the DAP given in Figure 4.3-3. The open loop transfer
function, expressed in terms of the frequency variable u,
is given by the expression
FOL(ju) D(w)F(w) JWj (4.11)
The phase and gain characteristics of FOL(ju) versus
frequency are given in Figure 4.3-4. Also included in the
figure are plots of the phase and gain characteristics of
the single rate DAP (GOL(ju)). For purposes of comparison,
the d.c. gain of the F OL(ju) (i.e., ignoring all poles at
the origin) was set to the same value as GOL(ju). From
Figure 4.3-4 it is seen that the phase margin of the multi-
rate DAP is 42.0 deg. This is a 5.1 deg increase over that
of the single rate DAP (The approximate increase in phase at
the crossover frequency (i.e., the increase in phase
margin) calculated in Section 4.2 was 5.0 deg. Thus,
for this case the approximate value was very
c E (z-0.8507)(z-0.9802) c (z+0.006587±jO.06515)(z+0.004614)(z+2.856)(Z-0.9919)(Z+0.2783) 0
k k
cz (z-1.0) (z+0.1784) fz (z±jO.05809) (z-1.001) (z-1.204) (z-0.8253) (z+0.1910±jO.1159)
D(z) F(z)
00
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k fz = 0.005596
Sampled Period = 60 msec
Figure 4.3-2 An Equivalent Single Rate Z-Transform Representation
of the Multirate DAP
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accurate.) The LFGM and HFGM are 6.85 db and 8.13 db as
compared to values of 7.0 db for the single rate DAP.
As a result, the gain of the multirate DAP may be increased
to a higher value before instability will occur. To compare
the closed loop frequency response characteristics of the
DAP's, the gain versus phase plots of GOL(ju) and F O(ju)
are presented in Figure 4.3-5. From the figure it is seen
that the two systems have equal bandwidths of 21.0 rad/sec
and that the multirate DAP exhibits a slightly larger peak
value of the closed loop gain. However, raising the gain of
FOL(ju) by approximately 1.0 db would result in an increase
in the multirate DAP bandwidth and a decrease in the peak
value of closed loop gain (this can be observed by shifting
the FOL(ju) curve upward by 1.0 db). Thus, the multirate
DAP can exhibit faster closed loop response to attitude
commands.
From the comparison of the phase margins and gain
margins of the multirate DAP and the single rate DAP, it is
concluded that only a slight increase in stability is
achieved by the multirate DAP.
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4.4 Step Response Characteristics of the
Multirate DAP
The digital computer simulation of the single rate
DAP (described in Section 2.3) was modified to include the
multirate filter and the 20 msec ZOH. The dynamics
modelled in the program are represented in Figure 4.3-1.
(The system gain is the same as that assumed in the
frequency response evaluation.) Time responses of the
vehicle pitch angle, compensation filter output, engine
gimbal angle command and engine gimbal angle to a 1 deg
step attitude command were obtained. Plots of these
responses are given in Figures 4.4-1 through 4.4-4. In
Figure 4.4-1, the vehicle pitch angle is shown to exhibit
well behaved response. The maximum percentage overshoot is
approximately 63.5%. This is 7.5% less than that attained
by the single rate DAP (see Figure 2.3-2). The 1 deg in
commanded attitude is first achieved at 0.15 sec.
In the single rate DAP, the output of the compensation
filter is the command to the engine servo. However, in the
multirate DAP this output is the input signal to the
multirate filter. The output of the compensation filter is
shown in Figure 4.4-2. The engine gimbal angle command
response, which is the output of the multirate filter held
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Figure 4.4-1 Multirate DAP: Vehicle Pitch Angle Response
to a 1 deg Step Attitude Command
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for a period of 20 msec, is given in Figure 4.4-3. The
response of the multirate filter, an indication of which
was obtained via the power series expansion technique in
Section 4.2 (see Figure 4.2-3), is clearly evident in
Figure 4.4-3. Referring to Figures 4.4-2 and 4.4-3, it is
seen that the difference in the magnitudes of the adjacent
output samples of the multirate filter depends on the
magnitude of the input to the filter. For example, in the
initial phase of the response where the compensation filter
output is greater than 2 deg, the difference in the output
samples of the multirate filter is quite large. The effect
of the multirate filter output on the engine servo is
illuatrated in Figure 4.4-4. Comparing Figures 4.4-4 and
2.3-4, it is seen that during the first 0.3 sec of the
response, the engine rates of the multirate DAP and the
single rate DAP are of comparable magnitudes. However, after
the initial transient, significant engine rates persist in
the multirate DAP. From a physical standpoint, these rates
are undesirable because they would severely tax the physical
capabilities of the engine servo. Also, in the atmospheric
flight of launch vehicles, it is not uncommon for engine
gimbal angle commands, larger in magnitude than those in
Figure 4.4-3, to exist for extended periods of time. In
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this case large steady state oscillations of the engine
gimbal angle would result and engine gimbal limits would be
reached. This could result in the loss of vehicle control.
Thus, it must be concluded that the gimbal angle response
of the multirate DAP is unacceptable.
4.5 Response of the Multirate DAP to IMU Noise
The response of the multirate DAP to IMU noise was
evaluated via the digital computer simulation of the DAP.
A block diagram representation of the DAP, showing the
introduction of the noise, n(t), is given in Figure A.6-l.
The noise is assumed to be white, with an autocorrelation
2function of 0.0001 6(t)deg2. For purposes of comparing
the noise response of the multirate DAP and the single rate
DAP, the same noise sequence was used.
The time histories of the vehicle attitude angle,
attitude rate, engine gimbal angle and engine gimbal rate
in response to the noise is shown in Figures 4.5-1 through
4.5-4. The noise sequence used to generate these time
histories is given in Figure 2.4-5. Comparing Figures
4.5-1 and 4.5-2 with Figures 2.4-1 and 2.4-2, the plots of
vehicle pitch angle and pitch rate for the two systems are
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seen to be nearly identical. The excursions of the engine
gimbal angle, shown in Figure 4.5-3, are slightly larger
than those of the single rate DAP (Figure 2.4-3). But in
general, the overall response is still of small magnitude.
As was the case for the single rate DAP, the noise
also produces significant engine gimbal rates in the multi-
rate DAP. This may be seen from Figure 4.5-4. By examining
Figures 4.5-4 and 2.4-4, it appears that the effect of the
noise on the engine gimbal rate is amplified in the multi-
rate DAP. To obtain a statistical measure of this effect,
the standard deviation of the engine gimbal rate, agE(t),
of the multirate DAP was computed.
A plot of NE(t) is shown in Figure 4.5-5 (details of
the calculation of a-(t) for the multirate DAP are
presented in Section A.6). The maximum value of -(t) is
15.8 deg/sec. This value is 6 deg/sec greater than that of
the single rate DAP (see Figure 2.4-6). Thus, larger values
of the engine gimbal rates will occur in the multirate DAP.
Over 48% of the sample period, -(t) is greater than
10 deg/sec. For the single rate DAP a (t) is greater
than 10 deg/sec over approximately 25% of the period.
Therefore, the multirate DAP will not only exhibit larger
engine gimbal rates than the single rate DAP, but the rates
will also occur more frequently. Therefore, it is concluded
20
noise,
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Figure 4.5-5 Standard Deviation of the Engine Gimbal Rate
of the Multirate DAP over a Sample Period of
60 msec
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that the performance of the multirate DAP is more seriously
affected by the IMU noise than the performance of the single
rate DAP.
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CHAPTER 5
CONCLUSIONS
Based on the results of the evaluation of single rate
and multirate digital autopilot performance, the following
conclusions are made:
1. In the launch vehicle control system, it was not
possible to achieve a significant improvement in
phase margin, by using a multirate filter and a
high frequency zero order hold (ZOH) to reduce
the phase lag associated with the low frequency
ZOH, without introducing excessive engine gimbal
rates.
2. The insertion of a second order multirate filter
and a 20 msec ZOH into the single rate DAP
(i.e., the multirate DAP) resulted in only a
5.1 deg increase in phase margin and slightly
improved gain margins. Also, significant engine
gimbal oscillations occurred in response to vehicle
attitude commands.
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3. The effects of random errors in vehicle attitude,
(i.e., IMU noise) are more pronounced in the
multirate DAP than in the single rate DAP. The
maximum standard deviation in the engine gimbal
rate of the multirate DAP to a 1-a error in
measured attitude of 0.01 deg is 15.8 deg/sec as
compared to 10.8 deg/sec for the single rate DAP.
4. The significant engine gimbal rates exhibited by
the multirate DAP prohibits the application of the
multirate DAP to the control of launch vehicles.
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APPENDIX A
TECHNIQUES FOR CALCULATING THE MEAN SQUARED RESPONSE OF
THE ENGINE GIMBAL ANGLE RATE TO SAMPLED UNCORRELATED NOISE
A.l Introduction
Two techniques were employed to calculate the mean
squared response of the engine gimbal angle rate (E[E(t) 2 ])
to sampled uncorrelated noise. One technique, which is
purely analytical, allows the determination of the exact
E[E (t) ]. The other technique utilizes statistical samples,
obtained from a computer simulation of the DAP, to calculate
an estimated E[ E(t) ]. Either technique may be used to compute
0 2
E[6E t) ] for the single rate DAP. However, in the calcula-
tion of E[ E(t) 2 ] for the multirate DAP, the former technique
requires considerably more computational labor than the
latter technique.
The relationships employed in the analytical method
are presented in Section A.2. In Section A.3 these relation-
ships are used to calculate the exact value of E[ E(t) ] for
the single rate DAP in response to sampled uncorrelated noise.
The approach that utilizes statistical samples is developed
*
In this appendix E[-] will denote the ensemble average of
a random variable or random process.
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in Section A.4. To illustrate this approach and to
compare the results obtained by the two techniques, this
approach is employed in Section A.5 to calculate E[ E(t) 2
for the single rate DAP in response to sampled uncorrelated
noise. In Section A.6, the method presented in Section A.4
for multirate systems is employed to compute E[E(t) ] for
the multirate DAP.
A.2 Computation of the Mean Squared Response of a Linear
Time-Invariant Filter to Sampled Random Data
The relationships required to calculate the mean
squared response of a linear time-invariant filter to a
sampled random process are presented in this section. Der-
ivations of these relationships may be found in the litera-
turel2 and in texts on sampled data theoryl3,14
A.2.1 The Sampled Autocorrelation Function (SAF) and
Sampled Power Spectral Density (SPSD)
Consider a continuous time function, r(t) which is a
member of a stationary, ergodic random process. Sampling
r(t) every T seconds results in the sampled random function,
r (t). The "sampled autocorrelation function" (SAF) of
r(t) is defined as
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*
$P (T) Err (A.1)
where $ rr (nT) is the value of the autocorrelation function of
r(t) at sampling instants. It is implicit in Eq. A.l that
r(t) is defined for all positive and negative time.
In the theory of continuous random processes, the
power spectral density of a random process, e(t), is defined
*
as
(A.2)
ee (s) f C$ (T)e-sT dT
where $ ee(T) is the autocorrelation function of e(t).
Analogously, the "sampled power spectral density" (SPSD) of
a sampled random process is defined by the relationship
* (s) E f (T)eST
rr -00 rr
dT (A.3)
*
where $ r(T) is the SAF of r(t). Substituting the r.h.s.
rr
of Eq. A.l into A.3 and integrating, we obtain
A random process and a member of the random process will be
denoted by the same symbol, e.g., e(t) could refer to a
random process or to a member of the random process. How-
ever, the meaning of the symbol should be clear from the
context.
r$ (nT)6(t-nT)
n=-o
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00 
-~
(D (s) = $ (nT)elTs (A.4)
rr rr
Introducing the definition of the z-transform variable
z = ST (A.5)
into Eq. A.4 yields
00
r(Z) = $ (nT)z- (A.6)rr rr
The mathematical operation represented by the r.h.s. of
Eq. A.6 is referred to in the literature as the bilateral
z-transformation of $rr (t). Thus, the SPSD of the sampled
random function, r (t), is the bilateral z-transform of the
continuous autocorrelation function $ rr CT).
A.2.2 Calculation of the Mean Squared Response of
a Linear Time-Invariant Discrete Filter
Consider the general configuration of a linear time-
invariant discrete filter, F(z), shown in Figure A.2.2-l.
The input to the filter is the sampled random function,
r (t), which is obtained by sampling a stationary and ergodic
continuous random process, r(t). The SPSD of r (t) is
*
Drr (z). The output of the filter is denoted by the function
* * *
c* (t) and the corresponding SPSD is 4 (z). If r (t) is
cc
considered to exist only at sampling instants t=kT (where
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r(t)
rr (s)rr
Figure A.2.2-1
r* (t)
@* (z)
rr
c*(t)
@* (z)
cc
A Linear Time-Invariant Discrete
Filter with a Sampled Random Input
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k is an integer), the resulting random sequence, r(kT), is
also stationary and ergodic. Therefore, since F(z) is
linear and time-invariant, the output sequence c(kT) is
stationary and ergodic.
A consequence of c(kT) having the stationary property
is that the mean squared output of the filter at sampling
instants, E[c(kT) ], is a constant, independent of the time
kT. It also follows from the stationary property that
E[c(kT) 2] may be obtained by setting the correlation time
interval, nT, of the autocorrelation function of the output
sequence, $cc (nT), equal to zero. As a result, the following
relationship may be written
2
E[c(kT) = $c (nT)I = $ (o) (A.7)
cc In=0 cc
To obtain cc (0), the SPSD cc(z) will be used. It
can be shown1 2 that the SPSD of the output of the discrete
filter is related to the SPSD of the input by the relation-
ship
* * 
-l
0 (z) = @ (z)F(z)F(z ) (A.8)
cc rr
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Using Eq. A.6, @cc (z) may also be expressed as
c (z)=cc
00
X $ (nT) z-n
n=-co
(A. 9)
Employing the z-transform inversion integral, cc(nT) is
obtained from Eq. A.9 as
$ (nT) = 1. * (Z z n-1 dz
cc 27l j cc
(A.10)
where P is the unit circle. Substituting the r.h.s. of
Eq. A.8 into Eq. A.10 yields
(n ) 1. (z) F (z)F (z~1) zn-1 dz
cc 2'r rj rr (A.ll)
From Eq. A.7 and A.ll, it is seen that the mean squared
output of the filter E[c(kT) ] is given by Eq. A.ll with
n=0,
E[c (kT)2 1 (z)F (z)F (z- z~1 dz
r r
(A.12)
Applying Cauchy's residue theorem to Eq. A.12, E[c(kT) ] is
determined by summing the residues of 0rr (z)F(z)F(z~1 )zrr
evaluated at the poles of $rr (z)F(z)F(z-1 )z inside the
unit circle.
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A.2.3 Calculation of the Mean Squared Response of
a Linear Time-Invariant Continuous Filter
Consider the general configuration of the linear time-
invariant continuous filter, G(s), shown in Figure A.2.3-l.
The input to the filter is the sampled random function,
*
r (t), which is obtained by sampling a stationary and
ergodic continuous random process r(t). The SPSD of r (t)
is 0* (z). The continuous random output of the filter is
rr
denoted by c(t). If c(t) is sampled every T seconds, the
output sequence c(kT) is obtained. The mean squared value
of the output sequence, E[c(kT) 2] (where k is an integer),
may be found by using Eq. A.12 with F(z) and F(z~ ) replaced
by the z-transform of G(s) (i.e., G(z)) and G(z1 )
respectively. As in the case of the discrete filter, the
mean squared value of the sampled output of the continuous
filter, E[c(kT) ], is also a constant, independent of kT.
However, to obtain the mean squared response of the continuous
filter for times t/kT, the relationships derived for the
discrete filter cannot be used.
It is well known that modified z-transforms can be
used to obtain the response of a continuous system to a
sampled input signal. Let the modified z-transform of G(s)
be denoted as G(z,m) where m is the delay constant. For a
c (t)
c* (z,m)
cc
Figure A.2.3-1 A Linear Time-Invaria nt Continuous
Filter with a Sampled Random Input
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r(t)
rr
r* (t)
rr(
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fixed value of m, G(z,m) represents the transfer function
of a linear time-invariant discrete filter the output of
which corresponds to that of the continuous filter at the
time instants t=(k+m)T, where k=0,l,2,.... Thus, referring
to Eq. A.8 and A.12, and considering m to be fixed, the
output SPSD of G(s) and the mean squared response of G(s),
valid for t=(k+m)T, are given by the expressions
* * 
-l
cc rr
and
[ 1_ * -1 -d1 (A14
Ec[(k,m)T] 2Trj rr(z)G(z,m)G(z 1 m)z dz (A.14)
where l is the unit circle. Since E[c[(k,m)T] 2] is a constant,
valid at the time instants t=(k+m)T for m fixed, it follows
that the evaluation of Eq. A.14 for all values of m in the
range O<m<l determines the complete mean squared response
of G(s), which is a periodic function of time, with a
period of T seconds.
An illustration of the application of the relationships
presented in this section is given in Section A.3, in the
calculation of the mean squared response of the engine gimbal
rate of the single rate DAP to sampled uncorrelated noise.
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A.3 Computation of the Mean Squared Response of
the Engine Gimbal Rate of the Single Rate DAP
to Sampled Uncorrelated Noise
The mathematical representation of the single rate
DAP is given in Figure A.3-1 (the symbols in the figure are
defined in Figure 2.1-2). The input signal, n(t), is assumed
to be a member of a white noise process. Since the engine
gimbal servo is a linear time-invariant continuous system,
the relationships given in Section A.2 for a linear time-
invariant continuous filter may be employed to calculate the
mean squared response of the engine gimbal rate, E[ E(t) 2]
to n(t). Using Eq. A.14, the expression for E[Et) ] may
be written as
E 2 1 - -1
E[E t 2Trj nn(z)G(z,m)G(z ,m)z dz (A.15)
*
where 0nn (z) represents the SPSD of n(t) and G(z,m) is
defined as the closed loop transfer function from the noise
E (z,m)
input to the engine gimbal rate, N (z) The calculationN(z) .Thcaclto
* -l
of 0 (z),G(z,m) and G(z ,m) is presented in the following
nn
paragraphs.
It will be assumed that the autocorrelation function
of n(t) is
D(z) G 1(s)
+
n(t) : Uncorrelated noise,
a . = 0.01 deg
k = 14.48
cz
k = 12.41V
T = 60Omsec
Figure A.3-l Mathematical Representation of the
Single Rate DAP for Noise Study
o =0C
G2(s)
0
H
H-
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$nn(T) = 0.0001 6(T) deg2 (A.16)
where 6(T) represents the unit impulse function. Using
Eq. A.6, the SPSD of n(t) is given by the relationship
00
(z) = $ (kT)z k (A.17)
nn k=-O nn
Substituting the r.h.s. of Eq. A.16, with T replaced by
kT, into Eq. A.17 yields
00
(z) = (0.0001)6(kT)z-k (A.18)
nn k=-0
*
Evaluating Eq. A.18, we obtain
* 2
D (z) = 0.0001 deg - sec (A.19)
nn
From Figure A.3-l, the closed loop transfer function
6(z,m)
N(z) is found to be
E (z,m) -D(z)G 1 (zm)
N(z) - G(z,m) 1 + D(z)G 1 G 2 (z) (.
where G (z,m) represents the modified z-transform of G (s)
and G 1 G 2 (z) represents the z-transform of the product
G 1 (s)G 2 (s). Evaluating G G 2 (z) and G1 (z,m) for a sample
*
Examples of the calculation of the SPSD for noise spectrums
which are not white are given in References 15 and 16.
119
period of 0.06 sec, and substituting these transfer functions
and the function D(z) into Eq. A.20 yields
e n [z sin (2.598m) + 0.2231 sin (2.598(1-m))]G(z,mn) = (-835.7) 2
z(z - 0.89332z + 0.3204)(z + 0.3224)
(z-1) (z-0.8286) (z-0.8507) (z-0. 9802) (z-1.206) (A. 21)
(z-0.8914) (z-0.9578) (z+0.6259)
Replacing z by z~1 in Eq. A.21, and manipulating the
resultant expression algebraically, we obtain
-CW mT
G (z~1,m) = (28160.) n 2 [z sin (2.598(1-m)) + 4.482 sin (2.598m)]
(z -2.788z+3.121) (z+3.101)(z-1.122)
z(z-1) (z-0.8286) (z-1.020) (z-1.176) (z-1.207) (A.22)
(z-1.044) (z+15.98)
Substituting Eq. A.19, A.21 and A.22 into Eq. A.15 for
* -l
* (z), G(z,m) and G(z ,m) respectively, an expression for
nn
E[;E (t) ] is obtained which may be evaluated to compute the
mean squared response of the engine gimbal rate.
Equation A.15 was evaluated for 21 values of
m(m=0.0,0.05,...,0.95,l.00). To provide a statistical des-
cription of the gimbal rate response that is meaningful from
a physical standpoint, the square root of E[EE(t) ] was
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computed. Since n(t) has a zero ensemble average, and no
biases exist in the DAP, /E[SE(t) ] is the standard devia-
tion of the gimbal rate, a (t). The values of a (t)
obtained are listed in Table A.3-l. Under the assumption
that aYE (t) is a "well behaved" function, the values in
Table A.3-1 were used to generate the plot of (t)
presented in Figure 2.4-6.
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m-T (sec')
0.000
0.003
0.006
0.009
0.012
0.015
0.018
0.021
0.024
0.027
0.030
0.033
0.036
0.039
0.042
0.045
0.048
0.051
0.054
0.057
0.060
aV
ag(m-T) (deg/sec)
3.1006
2.6018
4.2640
6.1088
7.6822
8.9158
9.8098
10.384
10.669
10.695
10.498
10.112
9.5702
8.9064
8.1508
7.3320
6.4760
5.6060
4.7420
3.9018
3.1006
noise = 0.01 deg
m is the modified z-transform delay constant and T
is the DAP sample period, 0.06 sec
Table A.3-1 Standard Deviation of the Engine
Gimbal Rate
*
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A.4 A Technique for Calculating the Mean Squared
Response of a Zero Order Hold - Linear Time-
Invariant Filter System to Sampled Random Data
Consider the system shown in Figure A.4-l. The system
consists of a zero order hold and a linear time invariant
continuous filter. The input to the system, r(kT), is a
sampled random sequence, obtained by sampling a stationary
and ergodic random process r(t), every T seconds (Thus
r(kT) is stationary and ergodic if considered only at the
time instants t=kT). The outputs of the system are denoted
by the components of the vector c(t). Although the tech-
nique presented in Section A.2 may be used to obtain the
mean squared response of the components of c(t), an
alternate approach will be developed in this section.
Using this approach, the covariance matrix of c(t) may be
obtained at any specified time, t=t f* The repeated appli-
cation of this technique for different times, t, results
in the complete mean squared response of the components
of c(t).
Assume that the state variable representation of the
linear time-invariant filter is given by the following
equations
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r (t) r (kT) Zero u (t) Linear c
Order Time-Invariant
T Hold Filter
Figure A.4-1 A Continuous System with a Sampled
Random Input
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x(t) = Ax(t) + Bu(t) (A.23)
c(t) = Gx(t) (A.24)
where u(t) is the input to the filter (obtained from the
zero order hold) and c(t) is the output vector of the filter.
The dimensions of the vectors and matrices in Eq. A.23 and
A.24 are given below
x(t),x(t),c(t),B ~ nxl
A - nxn
G - nxn
u(t) - lxl
The solution of Eq. A.23 is known to be
t
x(t) = (t-t 0 )x(t9) + f t ((t-T)Bu(T)dT (A.25)
0
where 0(t-t ) is the nxn state transition matrix (STM).
Since the system is linear and time-invariant, the STM is
a function only of the time interval under consideration,
t-t (it is assumed that the STM is known).
Over a sample period of T seconds, the output of the
zero order hold, u(t), is a constant. Therefore, to obtain
the state vector at a specified time tf (where mT < tf
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< (m+l)T), the following relationship may be used
tf
x(t) = D(t f-mT)x(mT) + u(mT) f c(t f-T)BdT (A.26)
~~ mT
The evaluation of the integral in Eq. A.26 results in an
nxl vector whose elements are a function of the time
difference t-mT. Thus, Eq. A.26 may be represented by the
equation
x(tf) = (t f-mT)x(mT) + u(mT)F_(tf-mT) (A.27)
where
tf
I (t -mT) = f T(t -T)BdT (A.28)
Since u(t) is random from one sample period to the
next, the components of the state vector are random varia-
bles. It will be assumed that u(t) and x(t) have zero
ensemble average values, i.e.,
E[u(t)] = 0 (A.29)
E[x(t)] = 0 (A.30)
The covariance matrix, P(t), of the state vector is
defined as
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P(t) = E (x(t) - E[x(t)]) (x(t) - E[x(t)])T]
where P(t) is an nxn symmetric matrix (the diagonal element
p (t) of P(t) is the variance of the state variable x (t)
and the off diagonal term p (t) is the covariance of the
state variables x (t) and x (t) ). Under the assumption
that E[x(t)] is zero, Eq. A.31 reduces to
= E[x(t)x(t)
Substituting the expression for x(t f)
into Eq.
given in Eq. A.27
A.32, the following expression can be written for
P (tf )
P (t f) = E [( (t f-mT) x(mT) + u (mT) F_(t f-mT))(x(mT) T (t f-mT)T
+ u(mT)1'_(t f-mT) T ) (A.33)
Expanding Eq. A.33 and taking the expected value of each
term, we obtain
P(t ) = @(tf - mT)E[x(mT)x(mT) T] tf - mT)
+ _(tf - mT)E[u(mT)x(mT) ](tf - mT)
+ cD(t - mT)E[x(mT)u(mT)ir(tf - mT)
+ _(tf - mT)E[u(mT) ]_1(tf - mT)
(A.31)
P(t) (A.32)
(A.34)
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The covariance matrix, Q(t), of the output vector is
defined as
Q(t) - E [(c(t) - E[c(t)]) (c(t) - E[c(t)])TI
where Q (t)
for c(t) g
is an nxn
iven in Eq.
symmetric matrix. Using the expression
(A.24), the following relationship
for E[c(t)] can be written
E[c(t)] = G E[x(t)]
Therefore, since E[x(t)] has been assumed to be
E[c(t)] -0
Thus, Eq. A.35 may be written as
= E[c(t)c(t)T
Substituting the expression for c(t) (from Eq. A.24) eval-
uated at t=t f, into Eq. A.38, the covariance matrix
is obtained
Using Eq.
T T T
tf) = E[c(t )c(t ) ] = E[G x(t )x(t ) G ]
A.32, Eq. A.39 can be rewritten as
Q(tf) = G P(t f)G T
(A.35)
(A.36)
zero
Q(t) (A.38)
Q(tf)
(A.39)
(A.40)
Q (
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where P(t f) is given by Eq. A.34. Therefore, using Eq. A.40
and A.34, the covariance matrix of C(t) (the diagonal ele-
ments of which are the mean squared values of the components
of c(t)) at any specified time, t=tf, is obtained. It was
shown in Section A.2 (and illustrated in Section A.3) that
the mean squared response of a linear time-invariant filter
to a sampled random sequence (which is stationary and ergodic
at the sampling instants t=kT) is a periodic function of
time, with a period of T seconds. Therefore, evaluating
P(t ) (using Eq. A.34) for all values of the time difference
t-mT in the interval [0,T], and substituting the result into
Eq. A.40 yields the complete mean squared response of the
components of c(t).
Before employing Eq. A.40 and A.34 to calculate Q(t ),
the ensemble statistics E[x(mT)x(mT) ], E[x(mT)u(mT)] and
E[u(mT) ] must first be evaluated. The exact value of these
statistics may be found by using the techniques presented
in Section A.2. Unfortunately, considerable computational
labor may be required in using these techniques. An
alternate approach is to estimate the statistics from
statistical samples of u(mT) and x(mT), obtained from a
computer simulation of the system. These statistics can be
made sufficiently accurate by collecting a large number of
statistical samples.
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The calculation of Q(t f) using Eq. A.40, A.34 and the
simulation technique for computing the ensemble statistics,
will be illustrated in Section A.5, in the calculation of
the mean squared response of the engine gimbal rate of the
single rate DAP to sampled uncorrelated noise.
In addition to single rate systems, the approach dis-
cussed above can also be employed to calculate the
covariance matrix of the output of a multirate system.
Consider the multirate system shown in Figure A.4-2. The
input to the system is a sampled random sequence, r(kT),
which is assumed to be stationary and ergodic when con-
sidered at the time instants t=kT. The linear time-invariant
continuous filter is described by Eq. A.23 and A.24. The
output of the zero order hold, u(t), is constant over a
period of T/n seconds. It can be shown that the co-
variance matrix of the state vector, P(t), and the
covariance matrix of the output vector, Q(t), at t=tf
(where mT/n < tf < (m+l)T/n) are given by the following
relationships
*
The derivations of Eq. A.41 and A.42 are completely
analogous to those of Eq. A.34 and A.40.
(t) r(kT) Multirate
T Filter
Figure A.4-2 A Multirate System with a Sampled Random Input
r
In WA.
C0
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P (t) = D (tf - mT/n) E [x (mT/n) x(mT/n) ] (tf - mT/n)
+ r (tf - mT/n) E [u (mT/n) x (mT/n) ] D (t - mT/n)
+ @ (t - mT/n) E [x (mT/n) u (mT/n) ](t - mT/n)
+ _(tf - mT/n)E[u(mT/n) ]F (t - mT/n) (A. 41)
Q (tf) = G P (tf )G (A.42)
where 0 (t - mT/n) is the STM of the continuous filter and
P(t - mT/n) is given by the expression
tf
r(tf - mT/n) = @(t - T)BdT (A.43)
Knowledge of the ensemble statistics on the r.h.s. of
Eq. A.41, permits the utilization of Eq. A.41 and A.42 to
calculate Q(tf). The repeated application of these
equations for all time differences tf - mT/n, in the
interval [0,T/n] yields the mean squared response of c(t)
over a period of T/n seconds. However, the mean squared
response of c(t) is periodic over an interval of T seconds
because the input noise is sampled every T seconds. There-
fore, Q(t f) must be calculated over n intervals of T/n
seconds to obtain the complete mean squared response. To
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use Eq. A.41 and A.42 for the computation of the complete
response, it is necessary that n sets of ensemble statistics
be calculated, that are valid at the time instants t=kT,
(k + 1/n)T, (k + 2/n)T,...,(k + n )T. These n sets of
ensemble statistics may be calculated as discussed
previously, i.e., via the methods in Section A.2 or through
a digital computer simulation.
The approach discussed above for the multirate system
has been used to calculate the mean squared response of
the engine gimbal rate of the multirate DAP to sampled
uncorrelated noise. The details of this calculation are
presented in Section A.6.
A.5 Computation of the Estimated Mean Squared Response
of the Engine Gimbal Rate of the Single Rate DAP
to Sampled Uncorrelated Noise
In this section, the technique presented in Section A.4
will be employed to calculate the mean squared response of
the engine gimbal rate (E[c E(t) 2 ]) of the single rate DAP
to sampled uncorrelated noise. Equations A.40 and A.34
will be used in conjunction with statistical samples
obtained from a digital computer simulation of the DAP to
obtain an estimate of E[SE (t) ]. A summary of the steps
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involved in calculating E[E(t) 2] is given below:
1. Obtain the state equations of the engine servo.
2. Obtain the state transition matrix (STM),
0(tf - mT), and the vector r(t - mT) using
Eq. A.28.
3. Substitute c(t - mT) and L(t - mT) into Eq. A.34
to obtain the expression for the covariance matrix
of the state vector, P(t f), at time t=t f
4. Obtain the expression for the covariance matrix of
the output vector, Q(tf), using Eq. A.34 and A.40.
5. Evaluate the ensemble statistics of Eq. A.34,
required for the calculation of Q(t f).
6. Obtain the mean squared response of the system
through the repeated application of Eq. A.40 for
values of the time difference tf - mT in the
interval [0,T].
The results obtained via the execution of steps 1 through 6
are presented in the remainder of this section.
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1. The State Equations. The engine servo dynamics
are represented by the following transfer function
E(s) 25006 s ___2_____ (A.44)
6'(s) s + 50s + 2500
c
where 6E represents the engine gimbal angle and 6' is the
output of the zero order hold. Using Eq. A.44, the state
equation for the servo is
E(t) = A 6 (t) + B 6 '(t) (A.45)
where
.E (t) = [6E(t) 6E(t) ] (A.46)
0 l
A = (A.47)
[2500 -.50]
T
B = 10 2500] (A.48)
The state variable of interest is 6E (t). Thus, the output
equation may be written as
(A. 49)6 (t) = G 6ECt)E -
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where
G = [0 1] (A.50)
2. Evaluation of (t f - mT) and I(t - mT). The STM
may be obtained from the following frequency-domain
relationship
(t - mT) = c-[(SI-A) 1t=t f-mT
Evaluating Eq. A.51, with the A matrix given by Eq.
(A.51)
A.47,
yields
(tf - mT) =
L 1 1 (tf - mT) $ 1 2 (tf - mT)
$21(t - mT) 2 2 (tf - mT)j
11(t - mT) = e-25c(t -mT) cos(43.30(tf - mT))
+ 0.577 sin(43.30(tf - mT))] (A.53)
$12 (tf - mT) = 0.0231e-25(t 
-mT)
sin(43.30(tf 
-mT))
2 1 (tf - mT) 
= -(57.74)e -25(t 
f-mT)
where
(A.52)
(A. 54)
sin(43.30 (t f-mT)) (A.55)
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$ 2 2 (tf - mT) = e cos(43.30(tf - mT))
- 0.577 sin(43.30(t f - mT))] (A.56)
The matrix P (t - mT) may be computed by substituting
@(tf - mT) (given by Eq. A.52) and the vector B (given by
Eq. A.48) in the following relationship
tf
r_(t f-mT) f mT (t f-T)B dT
Evaluating Eq. A.57, we obtain
P(t f-mT) = y (t f-mT) (A.58)Y2 1 (t f-mT)
where
-
2 5 (t f-mT) cos(43.30(t 
- mT))-Y1 (tf - mT) = 1.0 - e
+ 0.577 sin(43.30(tf - mT))j
- mT) = 57.74e-25(t 
-mT)
sin(43.30(tf 
- mT))
3. Covariance Matrix of the State Vector. Using
Eq. A.34, the covariance matrix of -E(t), P(t), at t=tf
(where mT < tf < (m+l)T), may be written as
(A.57)
y21 (t f
(A.59)
(A.60)
-25 (t f-mT) C
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= D(t f-mT)E 6E (MT)E (mT) T](t f-mT)T
+ r(t f-mT)E[6' (mT) 6 E (mT) $(t f-mT)T
+ 0 (t -mT)E 6E (mT) 6' (mT)] r(tf -mT)T
+ r (t f-mT)E[6c (mT) 2]r(tf-mT) T
and Itf - mT] are given by Eq. A. 52 and
A.58, respectively.
4. Covariance Matrix of the Output Vector. Since the
output, SE (t), is a scalar, the covariance matrix of the
output, Q(t), reduces to a scalar. Using Eq. A.40, the
mean squared response of the engine gimbal rate may be
written as
E[ E (t) ] = G P (t f)
where G and P(t f) are given by Eq.
tively. Expressing P(t f) as a fun
of the state vector yields
P(t f) =
E[cE(t ) 2
E[E (tf 6E(t )]
GT (A. 62)
A.50 and A.61 respec-
ction of the components
E[6 E(t )$E(t )]
E[6E(t )2
(A.63)
P (t f)
where 0(t - mT)
(A, 61)
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Thus, E[E(t f) ] may be obtained from the P 2 2 (tf) element
of P(tf) given by Eq. A.61.
5. Evaluation of the Ensemble Statistics. To eval-
uate the r.h.s. of Eq. A.61, it is necessary to obtain the
six statistical quantities: E[6 E (mT) 2] , E[6E (mT) (mT)],
E[6(mT) 2], E[6'(mT)6 (mT)], E[6'(mT)NE(mT)] and E[6'(mT) 2].E~m c E m/JE
Estimates of these statistics were calculated by utilizing
statistical samples obtained from a digital computer simu-
lation of the DAP (a block diagram representation of the
dynamics modelled in the simulation is shown in Figure
A.3-l). From the theory of sample statistics 17, the
estimators for the sample variance (V) and sample covariance
(C) were employed to compute the ensemble statistics. The
general relationships for these estimators, expressed in
terms of the random variables x and y, are the following
V = n x. - n- /(n-1) (A.64)
ij j=1 n
n n x. n y
C = x.y. - n ( - 'l 9))/(n-1) (A.65)
(j=1 3 3 j=1 n n=
The autocorrelation function of the noise signal is
assumed to be
2
C T) = 0.0001 6(T) (deg ) (A.66)
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The noise was simulated by a random number generator, with
each sample having a standard deviation of 0.01 deg. The
ensemble statistics obtained by using Eq. A.64 and A.65
utilizing 13,333 statistical samples of 6E (mT), E(mT) and
6'(mT) are given in Table A.5-1.
c
6. System Mean Squared Response. The covariance
matrix of the state vector, P(tf ), given by Eq. A.61 was
evaluated for 120 values of the time difference tf-mT in
the interval [0,0.06] seconds. For purposes of comparison
with the exact agE(t) given in Table A.3-l, 21 of the values
of the estimated (t) are given in Table A.5-2. From the
E 
-17
theory of sample statistics , the standard deviation in the
sample standard deviation (S) is given by the following
approximate relationship
U ~ x (A.67)
where a is the exact standard deviation of the random
x
variable being estimated, x, and n is the number of
statistical samples. Assuming that the square root of the
sample variance is a good approximation to the sample
standard deviation, the standard deviation in the error of
the estimated q (t) may be obtained by using Eq. A.67.
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2
E 6E (mT)
Ef[S (mT) 2]
2
E [6' (mT) 2 =
E[ 6E mT) E (mT)] =
E[6'(mT)6E (mT)] =
E[6' (mT) 6 E (mT)] =
No. of statistical
noise
0. 069644 deg 2
9.5735 deg 2/sec2
0.051005 deg 2
0.58726 deg 2/sec
-0.016276 deg 2
-0.036785 deg 2/sec
samples = 13,333
= 0.01 deg
Table A.5-1 Estimates of Ensemble Statistics at
Sampling Instants for the Single Rate
DAP
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t - mT (sec)
0.000
0.003
0.006
0.009
0.012
0.015
0.018
0.021
0.024
0.027
0.030
0.033
0.036
0.039
0.042
0.045
0.048
0.051
0.054
0.057
0.060
noise = 0.01 deg
orE (t f-mT) (deg/sec)
3.0941
2.6336
4.3005
6.1418
7.7111
8.9406
9.8307
10.402
10.683
10.706
10.506
10.117
9.5729
8.9070
8.0166
7.3295
6.4723
5.6012
4.7366
3.8961
3.0946
No. of Statistical Samples = 13,333
Maximum Standard Deviation in Error of Estimated ogI~i 0.066 deg
Table A.5-2 Estimated Standard Deviation of the Engine
Gimbal Rate
142
Substituting the largest value of exact a(t) given in
Table A.3-l for a and 13,333 for n into Eq. A.67 yields
a5  10.695 deg/sec 0.0655 deg/sec (A.68)
/26666
which is the maximum standard deviation in the error in the
estimated a; (t). Comparing the values of a(t) given in
Tables A.3-1 and A.5-1, only one value (the t=0.042 sample)
is found to exceed the 1-a value given in Eq. A.68. A plot
of the estimated a-E(t) versus time is shown in Figure
E
A.5-1.
It has been shown in this section that the technique
presented in Section A.4 used in conjunction with statisti-
cal samples obtained from a digital computer simulation may
be employed to obtain a sufficiently accurate estimate of
the mean squared response of a given single rate digital
system
A.6 Computation of the Estimated Mean Squared Response of
the Engine Gimbal Rate of the Multirate DAP to
Sampled Uncorrelated Noise
The technique presented in Section A.4 for multirate
systems, will be used to calculate the estimated mean
squared response of the engine gimbal rate (E[E(t) 2 ]) of
.... .  ..... J g
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Figure A.5-1 Estimated Standard Deviation of the Engine
Gimbal Rate of the Single Rate DAP over a
Sample Period of 60 msec -
t -: ..
-- T
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the multirate DAP to sampled uncorrelated noise. The
mathematical model of the multirate DAP is shown in
Figure A.6-l. The procedure for calculating E[6 E(t) ] for
the multirate DAP is summarized below:
1. Obtain the state equations for the engine servo.
2. Obtain the state transition matrix (STM),
0(t - mT/3), and the vector I(t - mT/3) using
Eq. A.43 (with n=3).
3. Substitute (t f - mT/3) and P(tf - mT/3) into
Eq. A.41 to obtain the expression for the co-
variance matrix, P(t f), of the state vector at
any specified time t=tf.
4. Obtain the expression for the covariance matrix,
Q(tf), of the output vector using Eq. A.41 and
A.42.
5. Compute 3 sets of ensemble statistics, for the
r.h.s. of Eq. A.41, valid at the time instants
t=kT, (k + 1/3)T, (k + 2/3)T.
6. Substitute the set of ensemble statistics valid
at t=kT into Eq. A.41. Evaluate Eq. A.42 for
values of the time difference t -mT/3 in the
n(t) : uncorrelated noise, anoise = 0.01 deg
kz = 14.48
k = 1.772Mr
k = 12.41V
T = 60 msec
Figure A.6-1 Mathematical Representation of the Multirate
DAP for Noise Study
U1
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interval [0,T/3] to obtain the mean squared
response of the system over the interval [kT,
(k + 1/3)T]. The complete response is found by
repeating this step using the ensemble statistics
valid at t = (k + 1/3)T and t = (k + 2/3)T.
The results obtained by executing step 1 through 6 are
presented in the following paragraphs.
1. The State Equations. Since the engine servo
dynamics are the same for the multirate DAP and single rate
DAP the state equation for the servo is
6 (t) = A6 (t) + B6S(t) (A. 69)
--E --Ec
where 6 (t), A and B are given by Eq. A.46, A.47 and A.48.
-:-E
The output equation is
SE(t) = G6 (t) (A.70)
E :-E
where G is given by Eq. A.50.
2. Evaluation of 0(tf-mT/3) and P(tf-mT/3). The STM,
(t f-mT/3), and r(t f-mT/3) depend only on the state equation,
Eq. A.69. Thus, 0(t f-mT/ 3 ) and 1(t f-mT/ 3 ) are given by
the following relationships
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(tf-mT/3 ) = (A.71)
(A.72)r(t fmT/3 ) = y (t f-mT/3)y 2 1 (t f-mT/3)0 T
where the elements of (t f-mT/3) and r(t f-mT/3) are given
by Eq. A.53 through A.56 and A.59 and A.60 respectively,
with the argument tf-mT replaced by tf-mT/3.
3. Covariance Matrix of the State Vector. Using
Eq. A.41, the covariance matrix of the state vector, at
t= t (where mT/3 < t < (m+l)T ) may be written as
f f 3
P (t )=D (t -mT/3) E6 (MT/3) () (t -mT/3) Tf f 1  LE E 3 f t-T3
+ r (t -mT/3) E 1(mT/3) (mT/j3) (tf -mT/3)T
+ 0(t -mT/3)E[ (mT/3)6'(mT/3) I (t -mT/3 )T
+ F_(t -mT/3)E O6' (mT/3)2 1 r (t - mT/3) (A.73)
w-here (t f-mT/3) and F(t f-mT/3) are given by Eq. A.71 and
A.72.
4. Covariance Matrix of the Output Vector. From
Eq. A.42, the covariance matrix at t=t is found to be
Q(tf) = GP(t f)G (A.74)
$1 ( t f-mT/3) (D12 ( t f-mT/3)
021 (t f-mT/3) (22(t f-mT/3)
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where G and P(t ) are given by Eq. A.50 and A.73. However,
since the output SE(t) is a scalar, Eq. A.74 may be rewritten
as
E[6E ] = GP(t )G T (A.75)
5. Evaluation of the Ensemble Statistics. To obtain
the complete mean squared system response, 3 sets of the
ensemble statistics E[6 (mT/3)E(mT/3)T ], E[6(mT/3)6E(mT/3)T]
-:-E-:Ec -:-~E mf
and E[6'(mT/3) ] are required for Eq. A.73 (the reason for
c
this is discussed in Section A.4). Estimates of these
statistics were calculated via the computer simulation of
the DAP.
The noise input to the multirate DAP was assumed to be
white. The autocorrelation function of the noise is
expressed as
$nn(1) = 0.0001 6(T)(deg ) (A.76)
In the simulation the noise was produced by a random number
generator, with each sample having a standard deviation of
0.01 deg. The relationships for the sample variance and
sample covariance (given by Eq. A.64 and A.65) were used to
calculate estimates of the ensemble statistics. The 3 sets
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of ensemble statistics, calculated from 13,333 statistical
samples of 6E (mT/3), CE (mT/3) and 6'(mT/3), are listed in
Tables A.6-1 through A.6-3.
6. System Mean Squared Response. The ensemble
statistics given in Table A.6-1 were substituted into
Eq. A.73. Equation A.74 was then evaluated for 120 values
of the time difference tf - mT/3 in the interval
[0,0.02]. This resulted in values for E[]E(t) ] over the
first 1/3 of the sample period of 60 msec. This procedure
was repeated using the ensemble statistics in Tables A.6-2
and A.6-3 to obtain the complete mean squared response,
E[E (t) ]. A plot of the square root of E[;E(t) ],
aq (t), for the multirate DAP is given in Figure 
4.5-5.
Assuming that the peak value of q (t) (given in Figure
4.5-5) is a good approximation to the maximum value of the
exact a- (t) for the multirate DAP (which is unknown), the
maximum standard deviation in the error of (t) may be
found from Eq. A.67 as
a = 15.8 deg/sec = 0.0968 deg/sec (A.77)
s/2-6666
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2
E[i6E (kT) ] =-
2
E [6E (kT) ] =
2
E[6' (kT) ] =
E [6E (kT)6E (kT)]
E [6 (kT) 6E (kT)]
E[6' (kT) 6E (kT)]
No. of Statistical
0.076517 deg 2
19.626 deg 2/sec2
0.17807 deg2
-1.1899 deg 2/sec
deg2
0.71858 deg /sec
Samples = 13,333
0. 038138
= 0.01 deg
Table A.6-1 Estimates of Ensemble Statistics at
t=kT for the Multirate DAP
noise
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2
E [6E (kT+T/3)
2
EL [E (kT+T/3)
E[6'(kT+T/3)2]C
E[6E (kT+T/3 )S E (kT+T/3)] =
E[6'(kT+T/3) 6E (kT+T/3)] =
E[6'(kT+T/3) 6E (kT+T/3)]
No. of Statistical Samples
noise
0.027485 deg 2
248.98 deg 2/sec2
0.044657 deg
2
0.44530 deg 2/sec
0.021725 deg
2
2.9276 deg 2/sec
= 13,333
= 0.01 deg
Table A,6-2 Estimates of the Ensemble Statistics at
t = kT + T/3 for the Multirate DAP
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E [6E (kT+2T/3)~]
E[6E (kT+2T/3) 2]
E[6'(kT+2T/3)2]
EE
E [6E (kT+2T/3) 6E (kT+2T/3)]
E [6' (kT+2T/3) 6E (kT+2T/3)]
E [6' (kT+2T/3) E (kT+2T/3)]
No. of Statistical Samples
anoise
= 0.082827 deg 2
= 41.103 deg 2/sec2
= 0.010291 deg2
= 1.31193 deg 2/sec
= 0.029038 deg 2
= 0.41963 deg 2/sec
= 13,333
= 0.01 deg
Table A.6-3 Estimates of Ensemble Statistics at
for the Multirate DAPt = kT + 2T/3
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